Let K
+ 1. For more details concerning properly colored cycles and paths, we refer the reader to the survey papers [2, 10, 11] . In this paper, we improve the bound on the length of the properly colored cycles and prove the following theorem. The main idea is following the rotation-extension technique of Pósa [14] , which was used on general edge colored graphs in [13] . 2 The Proof of Theorem 1.2
If 3 ≤ n ≤ 5, then K c n is a properly colored complete graph, and hence each Hamiltonian cycle is properly colored. Our conclusion holds clearly. So we may assume that n ≥ 6.
We will prove Theorem 1.2 by contradiction. Suppose that each properly colored cycle is of length at most n 2 + 1. For simplicity, let the vertices of K c n be labeled with integers from 1 to n. Let P 0 be a longest properly colored path. Without loss of generality, assume that P 0 = (1, 2, . . . , ).
and
Moreover, x 1 , x 2 , . . . , x p and y 1 , y 2 , . . . , y q are increasing sequences. Since
Note that X, Y ⊂ V(P 0 ) since P 0 is a longest properly colored path. Thus ≥ n 2 + 2. Note that either X or 1 Y, otherwise (1, 2, . . . , , 1) is a properly colored cycle of length at least n 2 + 2, which is a contradiction. Hence ≥ n 2 + 3. Let y s ∈ Y be the maximum such that c( , y i ) = c(y i , y i + 1) for all y i ∈ [y 1 , y s ] ∩ Y. Note that y s is well defined, since c( , y 1 ) = c(y 1 , y 1 +1), otherwise, (y 1 , y 1 +1, . . . , , y 1 ) is a properly colored cycle of length at least
Proof of Claim 1. If x p = , then y s ≤ − 3, otherwise, (1, 2, . . . , − 2, , 1) is properly colored cycle of length − 1 ≥ n 2 + 2, a contradiction. So we may assume that
Claim 2. There exist u, w ∈ X such that 1 ≤ y 1 ≤ y s < u ≤ n 2 + 1, u < w and the following proposition holds: Next, we show that there exists u such that c(1, x i ) = c(x i , x i + 1) for all x i ∈ [y s + 1, u] ∩ X. Let x ∈ X be the minimum such that x > y s . Note that x must be exists since x p > y s by Claim 1. If x = , then y s ≥ y 1 ≥ 2, hence (1, . . . , y s , , 1) is a properly colored cycle containing X ∪ {1, 2}, a contradiction, so x < . Suppose that c(1, x) c(x, x + 1). If y s = 1, then (1, , − 1, . . . , x, 1) is a properly colored cycle containing X ∪ {1, }, a contradiction; if y s > 1, then (1, . . . , y s , , − 1, . . . , x, 1) is a properly colored cycle containing X ∪ {1, 2}, a contradiction. So, we have x < and c(1, x) = c(x, x + 1).
Let u be the maximum such that c(1, x i ) = c(x i , x i + 1) for all x i ∈ [y s + 1, u] ∩ X and y s < u < . By the above argument, u is well defined. In particular, c(1, u) = c(u, u+1), it follows that (1, 2, . . . , u, 1) is a properly colored cycle, and hence u ≤ Without loss of generality, assume that P 0 is a longest properly colored path satisfying |S (P 0 )| is maximum over all the longest properly colored paths.
Since c(y 1 + 1, y 1 + 2) c(y 1 + 1, y 1 ), it follows that y 1 ∈ N c (y 1 + 1, P * ). Hence P * is a longest properly colored path. 
where
Therefore, all the inequalities become equalities.
Since |S (P 0 )| = |S (P * )|, by the above argument, S (P * ) must be an integer interval, so
Note that t is also viewed as a function of the longest properly colored path. Proof of Claim 5. By way of contradiction, we assume that |S (P 0 )| ≤ 2. Without loss of generality, we may assume that y 1 1, otherwise consider the properly colored path (2, 3, . . . , , 1) instead.
Case 1: w ≤ − 1. − 2) , so , − 1 ∈ S (P ). Hence, |S (P 0 )| = |S (P ) (2), . . . , φ( )) = (3, 4, . . . , , 2, 1). We will show the following propositions hold for i ≥ 0 by induction on i.
Clearly, the statements (a)-(d) hold for i = 0. Assume that i ≥ 1 and they are true for i − 1. Let j denote φ i−1 ( j). Since 2 ∈ S (P i−1 ), c(1 , 2 ) c(2 , 3 ) = c(2 , ). Hence, P i = (φ(1 ), φ(2 ), · · · , φ( )) is a longest properly colored path. Also, by the form of N c (φ i−1 (1), P i−1 ) and |S (P i )| = |S (P 0 )| = 2, (b) holds. By Claim 3 and |X| = 4,
for some t i = 3, 4. If t i = 3, we can also get a contradiction as above by taking P 0 = P i . So t i = 4, and thus (c) holds. By Claim 3, (d) also holds. If = 7, then X = {4, 5, 6, 7} and Y = {2, 3, 4, 5}. For the path P 0 , we have c(7, 2) = c (2, 3) and c(7, 3) = c(3, 4) . Taking i = 1 in the statement, consider the longest properly colored path P 1 , i.e., (3, 4, 5, 6, 7, 2, 1) . By statement (c), c(φ 1 (1), φ 1 (5)) = c(φ 1 (5), φ 1 (6)), i.e., c(3, 7) = c(7, 2). Therefore, c(2, 3) = c(7, 2) = c(3, 7) = c (3, 4) , a contradiction. Proof of the Claim 6. Suppose to the contrary that t ≤ y 1 + 2. Then t = y 1 + 1 or t = y 1 + 2. Since |S (P 0 )| ≥ 3, we have t − 1 ∈ S (P 0 ). Without loss of generality, we may assume that y 1 = 1, otherwise, consider the longest properly colored path (t, t + 1, . . . , , t − 1, t − 2, . . . , 1) instead. By Claim 3, t = 3. Moreover, X = [3,
If
Let φ be a permutation on [1, ] such that (φ(1), φ(2), . . . , φ( − 2), φ( − 1), φ( )) = (3, 4, . . . , , 2, 1). We will show the following statements hold for i ≥ 0 by induction.
is a longest properly colored path;
(e) for all j ∈ [4,
First, the statements are true for i = 0. Assume that the statements are true for i − 1, where i ≥ 1. Since φ i−1 (2) ∈ S (P i−1 ), it follows that 
, and thus |S (P i )| = |S (P 0 )|. Hence, by the assumption, we have N c (φ 
for some 2 ≤ y 1 < t < u < w ≤ . Since y 1 +2 ∈ S (P 0 ), c(y 1 +2, y 1 +3) = c(y 1 +2, ). Thus y 1 +2 ∈ {ψ( j) | j ∈ [w , −1]}, so [2, y 1 +2] ⊆ {ψ( j) | j ∈ [w , −1]}. In particular, y 1 + 1 ∈ N c (y 1 + 3, Q * ), so c(y 1 + 1, y 1 + 3) c(y 1 + 3, y 1 + 4), which completes the proof of Claim 7. By Claim 7, note that (y 1 + 1, y 1 + 2, , − 1, . . . , y 1 + 3, y 1 + 1) is a properly colored cycle (see Fig. 2 ) containing Y ∪ { − 1, } \ {y 1 }, then its length is exactly Then we may assume that < n, i.e., there exists a vertex z which is not on P 0 . We know that c( − 1, ) = c( , z), otherwise (1, 2, . . . , , z) is a properly colored path which is longer than P 0 . We have known that (1, 2, . . . , y 1 + 1, , − 1, . . . , y 1 + 2) is a longest properly colored path, it yields that c(y 1 + 2, y 1 + 3) = c(y 1 + 2, z) for the same reason. Since y 2 + 2 ∈ S (P 0 ), we have c(y 1 + 2, y 1 + 3) = c(y 1 + 2, ) c( − 1, ) = c( , z), and hence c(y 1 + 2, z) c( , z). Therefore, (1, . . . , y 1 , , z, y 1 + 2, y 1 + 1, y 1 + 3, . . . , − 1) is a properly colored path which is longer than P 0 , a contradiction.
